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We consider multiple-point tunneling in the interferometers formed between edges of electron
liquids with in general different filling factors in the regime of the Fractional Quantum Hall effect
(FQHE). We derive an effective matrix Caldeira-Leggett model for the multiple tunneling contacts
connecting the chiral single-mode FQHE edges. It is shown that the compactness of the Wen-
Fro¨hlich chiral boson fields describing the FQHE edge modes plays a crucial role in eliminating the
spurious non-locality of the electron transport properties of the FQHE interferometers arising in the
regime of strong tunneling.
I. INTRODUCTION.
The defining feature of quantum Hall states is the ex-
istence of topologically protected massless edge states.
These states are believed to be effectively described
by a theory of chiral bosons also known as the one-
dimensional chiral Luttinger Liquid (χLL)1,2 (for review
see3). The tunneling experiments provide one of the nat-
ural ways to probe these edge states3. The theory of
edge-state tunneling was extensively developed over last
two decades1,3–18.
The simplest model which is believed to universally
describe a point contact between two single-mode FQHE
edges consists of two chiral bosons coupled by a tun-
neling cosine term. If both chiral edges are identical,
the model can be mapped to an integrable boundary
sine-Gordon model and analyzed for arbitrary coupling
strength between the edges, from the limit of weak to
strong tunneling4. In the limit of strong tunneling, the
charge transfer between chiral edges can be described by
the instanton configurations of the model. The corre-
sponding instanton expansion can be understood as a
weak coupling expansion of a dual model19,20.
The subject of this work is the system of chiral edges
coupled via several point contacts. In the coherent
regime, the presence of several tunneling points allows
for quantum interference between several paths of charge
propagation. In general, (with the exception of sym-
metric Mach-Zender interferometer21–23) the model with
multiple tunneling contacts is not integrable and cannot
be solved by Bethe Ansatz.
II. MODEL.
Let us start by defining the field theory model for
FQHE interferometers. In this paper we focus on the
case of a two point-contact interferometer leaving gener-
alizations to a multiple-point-contact case for the future.
We consider two chiral FQH edges corresponding to fill-
ing factors ν1,2. The Lagrangian for two FQH edges in
imaginary time formalism can be written in the bosonized
form as
L0 =
2∑
σ=1
νσ
4pi
(∂xφσ)(iγσ∂τ − vσ∂x)φσ , (1)
where the fields φ1,2 are compact (φσ ≡ φσ + 2pi) chi-
ral bosonic fields describing two propagating chiral edge
modes with velocities v1,2 respectively. The sign factors
γ1,2 = ±1 determine the direction of propagation of chi-
ral fields (right/left), so that γ1γ2 = −1 and γ1γ2 = 1
represent the cases of Fabry-Perot and Mach-Zehnder in-
terferometers respectively. Each point contact tunneling
can be modeled as a boundary Sine-Gordon term driven
by the integrated vector potential Φj (j = 1, 2)
Ltunn = −
2∑
j=1
Uj
δ
cos
(
ϕ(xj , τ) + Φj(τ)
)
, (2)
where
ϕ(x, τ) = φ1(x, τ) − φ2(x, τ) , (3)
Uj are tunneling amplitudes and δ represents the mi-
croscopic (ultraviolet) scale. The overall action of the
system is
S =
∫
dx dτ (L0 + Ltunn) , (4)
and the partition function of the interferometer is given
by
Z[Φj] =
∫
Dφ1Dφ2 e
−S[φ1,φ2,Φj ] . (5)
It is a functional of the e/m potentials Φj(t) which en-
codes electromagnetic responses of the interferometer (Φj
is essentially the flux of magnetic field between wires
to the left of the contact j). Namely, the variation of
(5) with respect to Φj gives the tunneling current Ij(τ)
through the contact j. A functional integration in (5) is
taken over the compact bose fields φj ≡ φj + 2pi. We
have chosen the normalization of the fields such that the
electron operator on the edge j is proportional to eiφj . In
this work, we pay special attention to the compactness of
2the Bosonic fields φj . Compactness is known to be im-
portant in the theory of non-chiral boson, where, in the
path integral formulation, the compactness requirement
is equivalent to allowing for instanton (vortex) configu-
rations and might lead to the Kosterlitz-Thouless tran-
sition (see, e.g.,24). Quantum dynamics of mesoscopic
Josephson junctions provides another example where the
compactness properties of the phase operator ϕ have im-
portant physical consequences25. In the present context
of chiral fields, the proper treatment of compactness is
crucial for obtaining correct results in the limit of strong
tunneling Uj → ∞. Indeed, in this limit, it is natural
to assume that the values of the bose field at tunnel-
ing points ϕ(xj) are pinned to the minima of the cosine
in (2) and the expansion in the number of instantons
corresponding to the transitions between these minima
will result in the expansion in 1/Uj. It turns out how-
ever, that this procedure is plagued by unphysical non-
localities11,12,26. A work around solution to the problem
was found by V. Ponomarenko and one of the authors11,15
who introduced auxiliary “zero modes” designed to kill
the nonlocal terms to produce physically meaningful re-
sult. The main goal of this work is to show that the
correct treatment of the compactness of the bosonic field
ϕ makes the use of auxiliary modes unnecessary and pro-
duces physical results identical to Ref.15.
III. GREEN’S FUNCTION.
The tunneling part of the model (2) depends only on a
difference ϕ of bose fields (3). We can take advantage of
this fact replacing φ1 → ϕ+ φ2 and then integrating out
the field φ2. This leaves us with the partition function (5)
given by Z[Φj ] =
∫
Dϕ exp {S0 + Stunn} where the tun-
neling part of the action is given by Stunn =
∫
dτ Ltunn
with (2) while the free part of the action is given in
Fourier representation by
S0[ϕ] = −
1
2
∫
d2k
(2pi)2
ϕ∗G˜−1ϕ , (6)
where
G˜(ω, k) =
4pi
ν
v˜ − iaω/k
(v1k − iγ1ω)(v2k − iγ2ω)
. (7)
Here we defined
ν−1 =
ν−11 + ν
−1
2
2
, v˜ =
ν1v1 + ν2v2
ν1 + ν2
, a =
γ1ν1 + γ2ν2
ν1 + ν2
.
(8)
We can think of ν−1, v˜ and a as of average inverse filling
factor, velocity and chirality of edges. In these notations,
the Mach-Zehnder interferometer corresponds to a = ±1,
the Fabry-Perot interferometer with ν1 = ν2 corresponds
to a = 0. All other values of the parameter a are between
−1 and 1 and correspond to an asymmetric Fabry-Perot
interferometer with ν1 6= ν2.
In the limit of weak coupling, the generating function
Z[Φj] can be written as a series expansion in Uj using
the correlation function (7) rewritten as
G˜(ω, x) =
2pii
ω
∫
dk
2pi
eikx
[
2aγ1γ2
νk
−
2∑
σ=1
γσ/νσ
k − iγσvσ ω
]
.(9)
We can split this propagator into local and non-local con-
tributions G˜ = G˜nl + G˜loc. The non-local contribution
coming from the first term in Eq. 9 can be written as
G˜nl(τ, x) = i
piaγ1γ2
ν
sgn(τ) sgn(x) . (10)
Since aγ1γ2/ν = (γ1ν
−1
1 + γ2ν
−1
2 )/2 is strictly integer
number, it contributes only as an overall phase to the
correlation function of corresponding vertex operators
〈eiϕ(0,0)e−iϕ(τ,x)〉 = eipi
a
ν exp{−Gloc(τ, x)}. The only
non-trivial contribution comes from the local part of the
correlation function given by the second term in (9)
G˜loc(ω, x) =
2∑
σ=1
2pi
νσ|ω|
e−|ω
x
vσ
|θ(ωγσ
x
vσ
) , (11)
At coinciding points we understand (11) taking θ(0) =
1/2.
Our goal is to find the partition function of the model
(4,2,6) in the limit of strong tunneling Uj → ∞. First
of all, following previous approaches19,27 we are going
to integrate our the degrees of freedom corresponding to
the one-dimensional bulk and leave an effective action of
Caldeira-Leggett type (CL) depending only on the values
of fields at the tunneling contacts.
IV. EFFECTIVE CALDEIRA-LEGGETT
MODEL.
The action of the tunneling model is quadratic except
for the tunneling part (2) localized at tunneling point.
To integrate out the bulk field we impose the constraint
ϕ(xj , τ) = ϕj(τ) mod 2pi (12)
by inserting
1 =
∫
Dϕj
∏
j
δP (ϕ(xj)− ϕj) (13)
into the path integral. Here we introduced new “contact”
fields φj(τ) which are constrained to be the values of the
ϕ(x, τ) field at contact points x = xj . The notation
δP is chosen for the periodic version of the Dirac’s delta
function defined as
δP (ϕj(τ)) =
∑
αj(τ)
ei
∫
dταj(τ)ϕj(τ) , (14)
where the sum is taken over the integer-valued fields
αj(τ).
28 The periodicity of the constraint (12) is the key
3point of our derivation. It is very important for the fol-
lowing and is a direct manifestation of the compactness
of ϕ which is ultimately related to the discreteness of
electric charge.
Inserting (13) into the partition function and using
(14) we can integrate out the field ϕ and obtain
Z[Φj ] =
∫
[Dϕj ] exp {−SCL[φj ]− Stunn[φj ,Φj ]} (15)
Stunn = −
∫
dτ
∑
j
Uj
δ
cos
(
ϕj(τ) + Φj(τ)
)
(16)
SCL = − log
∫
[Dαj ]e
−
∑
ω
α∗iGijαje−i
∑
ω
α∗jϕj . (17)
Here the latter formula is written in frequency represen-
tation and we assumed the summation over tunneling
points i, j. The CL matrix Green’s function is defined in
terms of (11) as
Gij(ω) = G˜loc(ω, xi − xj) . (18)
Notice that we dropped here the nonlocal part (10) of
the Green’s function (9). This is allowed as the α fields
are integer-valued and the contribution to the first fac-
tor in (17) is the overall phase. The integer valued
fields αj(τ) imposes compactness condition on the point
bosonic fields ϕj(τ) which becomes evident via Poisson
summation formula29.
After dropping the oscillatory non-local part of the
propagator we assume that the path integral (17) is dom-
inated by large fluctuations of α fields. We replace the
functional summation over discrete α fields by Gaussian
integration in (17) and obtain
SCL =
1
2
∑
ω
ϕ∗i (G
−1)ijϕj . (19)
Indeed, the dominant fluctuations of α fields can be es-
timated from
∑
ω δα
2
i (ω) ≈
∑
ω Gii(ω) ≈
∑
ω |ω|, which
is a huge number controlled by the ultraviolet cutoff of
the problem. The partition function can be written as
(15) with (16,19), where (G−1)ij is given by the matrix
inversion of (18).
V. CURRENT IN WEAK TUNNELING LIMIT.
To calculate the tunneling current in the limit of weak
tunneling we need the correlators of vertex operators
given by30
〈eiϕj(τ)e−iϕk(0)〉 = e2
∑
ω e
iωτGjk
= K(ξ1jk, iτ)K(ξ
2
jk, iτ) . (20)
where the parameters related to different propagation
times are defined as
ξσjk = γσ
xj − xk
vσ
, ξσ = |ξσjk|, ξ
tot =
∑
σ
ξσ . (21)
Here we defined
K(ξσjk, iτ) =
[ piT
vσ sinhpiT (ξσjk + iτ)
] 1
νσ
, (22)
which in the limit of zero temperature T = 0 gives a well
known result (vσ(ξ
σ
jk + iτ))
−1/νσ .
Using the correlation function (20,22) we obtain the
tunneling current through the j-th point contact in the
lowest order of perturbation theory as19
Ij(t) =
∑
i
UiUj
2δ2
∫ t
−∞
dt1 sin(Φi(t1)− Φj(t))
× Im
(
2∏
σ=1
K(ξσij , t1 − t− i0)
)
. (23)
In fact, it is easy to write down the expression for the
current at any point on the interferometer as a function
of real time
Iσ(x, t) = Ics(Eσ) +
∑
j
θ(γσ(x − xj))Ij(t) , (24)
where Ics =
vσνσ
2pi
∫ 0
−∞
dt′Eσ(x + γσvσt
′, t) is the current
due to the electric field Eσ along the edge due to the
contribution of the bulk Hall current.
VI. ROLE OF COMPACTNESS IN STRONG
TUNNELING LIMIT.
In the limit of strong tunneling Uj → ∞ the path
integral in (15) will be dominated by fields pinned to the
minima of tunneling cosine term (16) so that the optimal
field configurations are given by
ϕj(τ) = 2pinj − Φj(τ) , (25)
where nj are arbitrary integer numbers. The calculation
of the generating functional (15) in this limit amounts
to substitution of the optimal field configurations (25)
into (15,16,17). It is very important that although the
nonlocal contribution to Green’s function (10) would be
of no consequence in calculating (17) and in (20) it is vital
to use only the local expression (18,11) if one calculates
the value of Caldeira-Leggett action using (19) with the
inverse of the local Green’s function (11,18) given by
(G−1)ij =
ν|ω|
2piD(ω)

1 (i = j)
−
∑2
σ=1
ν
νσ
e−|ωξ
σ|θ(ωξσij) (i 6= j)
,
(26)
where we defined the resonant denominator as
D(ω) = (1− (1− a2)e−
∑
σ
|ωξσ|) (27)
with a given by (8).
4VII. CURRENT IN THE LIMIT OF
INFINITELY STRONG TUNNELING.
Let us substitute Eq. (25) in to Eq. (19) and neglect
fluctuations around the optimal configurations (25). The
terms coming from nj do not contribute to the tunneling
current and hence can be dropped. In this regime the
action and the partition function can be written as
S0 =
1
2
∑
ω,ij
Φ∗i (G
−1)ijΦj . (28)
By taking variation with respect to Φ∗k and analytically
continuing to real time we obtain current through point
contact
I∞k (ω) =
∑
j
(G−1)kj |retΦj , (29)
where we introduced the retarded real time Green’s func-
tion Gret
31. Using the expansion in Eq. (37), we obtain
from (29) the current through the point contacts as
I∞1,2(t) =
ν
2pi
∞∑
m=0
(1− a2)m
[
Φ˙1,2(t−mξ
tot)
−
2∑
σ=1
νθ(∓γσ)
νσ
Φ˙2,1(t− ξ
σ −mξtot)
]
. (30)
Consider the example when the constant voltage V be-
tween wires is turned on at time t = 0 (Φj(t) = V tθ(t)).
The expression (30) allows for a very straightforward in-
terpretation in the picture of strong tunneling suggested
in5.
I∞1,2(V, t) =
V ν
2pi
∞∑
m=0
(1− a2)m
[
θ(t−mξtot)
−
2∑
σ=1
νθ(∓γσ)
νσ
θ(t− ξσ −mξtot)
]
. (31)
The summation overm in (30) is due to the current trav-
eling around the closed edge formed between contacts
(ξtot is then the total time required to travel around that
loop). For the case of MZI (a = 1) with constant volt-
age between the wires, only the term with m = 0 con-
tributes to (30) and at large times t > max(ξ1, ξ2) we
have I∞1,2 = ±
νV
2pi . For the case of symmetric FPI (a = 0),
there is a feedback of current carried by one of the op-
posite chirality edges and the current switches between
the value νV2pi and 0 with the overall period ξ
tot. We em-
phasize here that this physical picture of tunneling at
U =∞ limit is a direct consequence of correct treatment
of compactness of chiral bosons.
VIII. INSTANTON EXPANSION AND DUAL
MODEL.
In the limit of strong but finite tunneling the instanton
corrections to the saddle point considered in the infinite
tunneling limit become important. Namely, the bosonic
fields will once in a while change their values to 2pi(nj±1)
ϕj = 2pinj − Φj(τ) + 2pi
∑
l
eljθ(τ − τ
l
j) . (32)
Here τ lj is the time of switching of the value of ϕj and
elj = ± is the sign of the switching corresponding to
instanton/anti-instanton tunneling events. The summa-
tion over instantons and anti-instantons can be rewrit-
ten as a perturbative expansion in quasiparticle tun-
neling amplitudes Wj
32 of the following dual tunneling
model15,19,26
S[Θ1,Θ2] =
1
2
∑
ω,ij
Θ∗iM
−1
ij Θj +
1
2
∑
ω,ij
Φd∗i M
−1
ij Φ
d
j
−
∑
j
Wj
δ
∫
dτ cos
(
Θj(τ) + Φ
d
j (τ)
)
,
Mij =
(
4pi
ω
)2
(G−1)ij , (33)
Φdj (ω) =
ω
2pi
Mji(ω)(Φi(ω)− 2piniδ(ω)) . (34)
The partition function for the dual model reproduces the
strong tunneling instanton expansion and in the lowest
order in Wj we have
Z
Z0
= e−
1
2
∑
ω,ij Φ
d∗
i M
−1
ij
Φdj
[
1 +
1
4
∑
n1,n2
∑
ij
WiWj
δ2
×
∫
dτ1dτ2 cos(Φ
d
i (τ1)− Φ
d
j (τ2))〈e
iΘi(τ1)e−iΘj(τ2)〉
]
Two point quasiparticle correlators can be computed as,
〈eiΘi(τ)e−iΘj(0)〉 = e2
∑
ω
eiωτMij (35)
=
∞∏
m=0
Kqp(χ1ij(m), iτ)K
qp(χ2ij(m), iτ) ,
where we defined
Kqp(χσij(m), iτ) =
[
piT
vσ sinhpiT (χσij(m)+iτ)
] ν2(1−a2)m
νσ ,
χσij(m) =
(
ξσ(1− δij) +mξ
tot
)
sgn(ξσij) (36)
and the product over m in (35) appears from the expan-
sion
1
D(ω)
=
∞∑
m=0
(1 − a2)m e−m
∑
σ |ωξ
σ | . (37)
The above formulas are valid for both FP and MZ in-
terferometers with different geometries encoded by the
parameter a. The current at any point on the edge is
given again by Eq. (24) with the tunneling current at a
5point contact
Ij(t)− I
∞
j =
∑
n1,n2
∑
k,i
WkWi
2δ2
∫ t
−∞
dt2
∫ ∞
−∞
dt1 (38)
sin
(
Φdk(t1)− Φ
d
i (t2)
)
Jkj(t1 − t)
× Im
(
∞∏
m=0
2∏
σ=1
Kqp(χσki(m), t1 − t2 − i0)
)
,
where Jkj = ωMkj/2pi is obtained from the variation
δΦdk/δΦj calculated from (34). We can calculate the ex-
plicit expression for the time dependent Jacobian for the
general vector potentials
Φdi (t) =
∫ ∞
−∞
dt1
∑
j
Jij(t− t1)Φj(t1) . (39)
We can write the Jacobian matrix as,
Ji=j(t) = 4ν
∞∑
m=0
(1 − a2)mδ(t−mξtot) , (40)
Ji6=j(t) = −4ν
∞∑
m=0
2∑
σ=1
ν(1 − a2)m
νσ
δ(t− ξσ −mξtot)θ(ξσij) .
The eq. (38) describes the correction to the current at
infinite coupling I∞j due to quasiparticle tunneling pro-
cesses (instantons)19,20. We note here that the interfer-
ence current (38) has a 2pi (electron) periodicity with
respect to the flux Φ = Φ2 − Φ1 between tunneling con-
tacts. This physical periodicity can be directly traced as
coming from the compactness of the edge fields in (5).
IX. CONCLUSION.
We showed that compactness of the chiral bosonic
fields in the tunneling model of FQHE interferometers
plays a crucial role in the limit of strong tunneling. Tak-
ing compactness of fields into account, we derived the ef-
fective Caldeira-Leggett model (15,16,17) as an effective
description of the two point interferometers. We showed
that this model reproduces the results for tunneling cur-
rents known in literature in both weak and strong tunnel-
ing limits and gave the expressions for those currents in a
unified form with the chirality parameter a from (8) en-
coding the geometry of the interferometer (Fabry-Perot
and Mach-Zehnder with arbitrary filling factors). Gen-
eralization of the proposed formalism to the multi-point
interferometers should be straightforward.
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